
Scalar extension bilocal hierarchy: moment matrix &
necessity

Given bilocal ~P , then for all n � 3 there exist compatible
scalar extension moment matrix ⌦n
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If ~P has no compatible ⌦n for some n, then ~P does not admit
a bilocal quantum model; is SDP.

Xiangling Xu NPA hierarchies for bilocal scenario

Standard NPA hierarchy: moment matrices

May as well consider longer indices, such as Aa|xBb|yCc|z and
Bb0|y 0Bb|yCc|z (length 3), to get a bigger matrix �3
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More linear constraints, contains � ⌘ �2. I.e. �3 ) �2.

Repeat to get �2, �3, �4... A hierarchy of moment matrices.
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Tripartite Bell scenario  

• Hilbert space  with a shared state 


• PVMs 


• Born’s rule: 



• Certify if a given  comes from Bell scenario?

Cqa

H = HA ⊗ HB ⊗ HC τ

{Aa|x}, {Bb|y}, {Cc|z}

p(abc |xyz) = Tr(τ(Aa|x ⊗ Bb|y ⊗ Cc|z)) = Trτ(Aa|xBb|yCc|z)

⃗P = {p(abc |xyz)}
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NPA hierarchy: outer approximation 

• Hierarchy of necessary conditions  such that



• Equivalently, if for some ,  is not satisfied, then 


• Moment matrices, defined such as



• SDP (solvable by computers)

Γn, n ≥ 2,⃗P ∈ Cqa ⟹ ⋯ ⟹ Γ4 ⟹ Γ3 ⟹ Γ2

n Γn ⃗P ∉ Cqa

Γn
Bb|y,Bb|y

= Trτ(B†
b|yBb|y) = Trτ(Bb|y) = Trτ(Id† ⋅ Bb|y) = Γn

1,Bb|y

. . . Γ2Γ3Γ4Cqa

limn→∞Γn

Convergence of standard NPA: 

If  admits  for all , then  is the Commutator 
quantum distribution 

1. A global Hilbert space  with pure density operator 


2. PVMs  mutually commute


3. 


• Tsirelson’s problem: , but coincides in finite dimension

⃗P Γn n → ∞ ⃗P ∈ Cqc

H τ

{Aa|x}, {Bb|y}, {Cc|z}

p(abc |xyz) = Trτ(Aa|xBb|yCc|z)

Cqa ⊊ Cqc

Bilocal network scenario  

• , 


• PVMs , s.t. 


• Alice and Charlie are independent: , 
also products of .


• Simplest network, but , so the standard NPA is not 
applicable. Not even convex!

Qbilocal

H = HA ⊗ HBL
⊗ HBR

⊗ HC τ = ρABL
⊗ σBRC

{Aa|x}, {Bb|y}, {Cc|z} [Aa|x, σ] = [ρ, Cc|z] = 0

Trτ(Aa|xCc|z) = Trτ(Aa|x)Trτ(Cc|z)
Aa|x, Cc|z

Qbilocal ⊊ Cqa

Factorisation bilocal hierarchy  

•  = 


• Almost the same as the standard 


• But additional factorization constraints: 



• Not SDP!

Γ̃n

Γ̃n Γn + factorisation constraints

Γn

Γ̃n
Aa|x,Cc|z

= Trτ(Aa|xCc|z) = Trτ(Aa|x)Trτ(Cc|z) = Γ̃n
Aa|x,1

⋅ Γ̃n
1,Cc|z

. . . Γ̃2Γ̃3Γ̃4Qbilocal

Q′￼bilocal

Main result 1: convergence of 
factorization NPA: 

If  admits  for all , then  is the Projector bilocal 
quantum distribution 

1. Commutator distribution and 

2. Projectors  on  such that  

3.  

⃗P Γ̃n n → ∞ ⃗P ∈ Q′￼bilocal

ρ, σ H τ = ρ ⋅ σ = σ ⋅ ρ

[Aa|x, σ] = [ρ, Cc|z] = 0

Main result 2: Convergence of Scalar 
extension hierarchy 

• To make it SDP, new commutative variables: , , 
…, + complicated constraints


• Also characterizes 

κAa|x
κAa|xBb|y

κAa|xAa′￼|x′￼Cc|z

Q′￼bilocal

	 Conclusion and outlook 

• We introduced two convergent hierarchies, one of them is SDP, checkable by computers. With [Ligthart&Gross, 2023] and [Klep et al., 2023], bilocal scenario is completely 
characterized in -algebraic/Heisenberg picture. Next step is to look at more general networks, such as triangle, with possibly quantum inflation technique.C*

Known: 

• Characterization of Bell scenarios 
with NPA hierarchy


• Foundational understanding of 
quantum correlations


• Device-independent quantum 
key distribution/cryptography

Our works: 

• Network scenarios, multiple 
independent quantum sources


• NPA hierarchy no longer suffices


• We find two generalizations that 
can characterize bilocal networks.


