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Quantum many-body systems

• Ubiquitous in nature

• Hard: collective behavior of  particlesN ∼ 1023

• Described by Hamiltonians

• It’s a matrix of dim ! Impossible to compute2N
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Paradigmatic problem: spectral gap

• Energy needed for the lowest excitation

• What is the gap  in the 
thermodynamic limit ?

Δ(H) := E1 − E0
N → ∞

• Gapped: stable physics

• Gapless: long-range correlation, unstable

4

H = ∑
<i,j>

XiXj + YiYj + ZiZj

H = ∑
<i,j>

XiXj + g∑
i

Zi



Main result: first general algorithm

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

• Valid in the thermodynamic limit N → ∞

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

• Valid in the thermodynamic limit N → ∞

• Convergence:  as ΔL ↘ Δ(H) L → ∞

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

• Valid in the thermodynamic limit N → ∞

• Convergence:  as ΔL ↘ Δ(H) L → ∞

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj • Based on nc polynomial SDP hierarchies



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

• Valid in the thermodynamic limit N → ∞

• Convergence:  as ΔL ↘ Δ(H) L → ∞

5

H = ∑
<i,j>

XiXj + YiYj + ZiZj • Based on nc polynomial SDP hierarchies

• New tool: state polynomial optimization



Main result: first general algorithm

• Producing increasingly tight certified upper 
bounds  on ΔL Δ(H)

• Valid in the thermodynamic limit N → ∞

• Convergence:  as ΔL ↘ Δ(H) L → ∞
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H = ∑
<i,j>

XiXj + YiYj + ZiZj • Based on nc polynomial SDP hierarchies

• New tool: state polynomial optimizationKagome Heisenberg model
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Motivation: certified numerics
• Main numerical approaches: variational methods, 

neural states, density matrix renormalization group, 
…

• “Not rigorous”, dependent on Ansatz, 
extrapolation, …

• Some  were believed gapless, then gapped, then 
gapless again

H

• Can we instead have a numerical result that remain 
true in 100 years with even quantum computers?
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Motivation: decidability
• Cubitt, Pérez-García, Wolf (Nature, 2015): Spectral 

gap is undecidable

• “No algorithm can decide if a ‘reasonable physical’ 
system  has  in finite time”H Δ(H) < 1

• Our algorithm gives , detect 
 in finite time

ΔL ↘ Δ(H)
Δ(H) < 1

• Different notions of thermodynamic limit

• “Open boundary condition” vs “bulk away from 
boundary”
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• Particles  and  interact as  self-adjoint 
operator on 

i j hij
ℋi ⊗ ℋj

• Global Hamiltonian H := ∑
<i,j>

hij

• E.g.: hij = XiXj + Zi + Zj
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Finite size system

• , , ℋi = ℂ2 H := ∑
<i,j>

hij N ∼ 1023

• State = matrix  ρ ⪰ 0 Tr(ρ) = 1

• Energy = Tr(ρH)

• Ground state  has the smallest energy = 
projector on the lowest eigenvalue of 

ρGS
H

• Spectral gap  ΔN(H) = E1(N) − E0(N)

• Gigantic matrices, impossible to compute
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Justification of thermodynamic limit

• A macroscopic sample contains  particlesN ∼ 1023

• Want to understand which properties can persist as the sample size grows

For spectral gap:

• Does the excitation remain bounded away from zero

• Or do excitations with arbitrarily small energy appear as the system grows?

• Mathematically, what is  as ?ΔN(H) N → ∞

• How to take this limit?

12
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Thermodynamic limit with boundaries
n

• Look at the  sub-lattice, finite size calculation get  and n × n ρn
GS Δn(H)

• let n → ∞

• Subtlety on boundary: what about  when  inside , but  outside?hij i n × n j

i j
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Thermodynamic limit with boundaries

• Need to fix a boundary condition

• Open boundary conditions: hij := 0

• Also periodic, fixed, …

Different boundary conditions may 
change the properties of  and 

 as 
ρn

GS
Δn(H) n → ∞
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Undecidability of spectral gap
n

• Assume  non-degenerate.  or ?ρn
GS Δn→∞(H) = 0 > γ

• Difficult, as , E0(n) E1(n) → ∞

• CPW15: for  in  lattice with open boundary condition:H 2D

No algorithm can give converging tight upper bounds  on ΔL Δn→∞(H)

So thermodynamic limit does not even 
make sense for generic Hamiltonians?
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Thermodynamic limit with boundaries is a bad definition?
n

• Sensitive to boundary conditions:

• Can we capture only the bulk 
properties away from boundary?

• Yes with operator algebras

16
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ρGS

• Why? Let  be the state excited by |ψa⟩ := a |ψGS⟩/∥|ψa⟩∥ a

• Inequality implies E( |ψa⟩) − E(ρGS) ≥ 0

• Varying local ,  reaches all valid statesa ∈ 𝒜 |ψa⟩

a = XiZj, Xi1Zi2⋯Yid, …

• A ground state  must increase energy with any 
excitations

ρGS

• , for all local (finite) Tr(ρGS ⋅ a*[H, a]) ≥ 0 a ∈ 𝒜
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ρGS

a = XiZj, YiZjXkXl, …

• Kubo-Martin-Schwinger (KMS) ground state

•  s.t. , for all local ωGS ωGS(a*[H, a]) ≥ 0 a ∈ 𝒜

• Directly in , no boundary term mentioned!n → ∞

• , for all local Tr(ρGS ⋅ a*[H, a]) ≥ 0 a ∈ 𝒜

• Algebraic notation: 

• state  linear functional, ρ → ω Tr(ρa) → ω(a)ωGS
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• Assume non-degenerate ground state

•  is a GS with bulk spectral gap  ifω ≥ γ

 for all local ω(a*[H, a]) ≥ γ (ω(a*a) − |ω(a)|2) a ∈ 𝒜

ωGS

 by Cauchy-Schwarz ≥ 0

• Why? Any normalized excitation orthogonal to GS must 
increase the energy by ≥ γ

• LHS = energy increase

• RHS = component of  orthogonal to GS subspace|ψa⟩
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•  is a (non-degen) GS with bulk spectral gap  ifω ≥ γ

 for all local ω(a*[H, a]) ≥ γ (ω(a*a) − |ω(a)|2) a ∈ 𝒜

• Our algorithm find bounds γ ≥ Δ(H)

Idea: if candidate  is too 
large, some finite SDP 

detect infeasibility

γ
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•  is a (non-degen) GS with bulk spectral gap  ifω ≥ γ

 for all local ω(a*[H, a]) ≥ γ (ω(a*a) − |ω(a)|2) a ∈ 𝒜

• Our algorithm find bounds γ ≥ Δ(H)

• Fix , we test for all  supported on  sub-latticeL aL L × L
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If  too big and  large enough, no 
 satisfy the gap inequality

γ L
ω
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• Our algorithm find bounds 

ω ≥ γ

ω(a*[H, a]) ≥ γ (ω(a*a) − |ω(a)|2) a ∈ 𝒜

γ ≥ Δ(H)

• , , linear terms, standard SDP 
constraints
ω(a*[H, a]) ω(a*a)

•  nonlinear term, problematic|ω(a)|2

• Check feasibility with SDP!
Can be dealt with by state polynomial 

optimization — Klep, Magron, Volčič, Wang 
(Mathematical Programming, 2024)
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•  is a (non-degen) GS with bulk spectral gap  if


 for all local 


• Our algorithm find bounds 

ω ≥ γ

ω(a*[H, a]) ≥ γ (ω(a*a) − |ω(a)|2) a ∈ 𝒜

γ ≥ Δ(H)

• Optimizing over : increasingly tight certified upper 
bounds 

γ
ΔL

• Proven: for , we have  
monotonically

L → ∞ ΔL ↘ Δn→∞(H)

• Can also optimize observables subjected to gap
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• Paradigmatic frustrated model for quantum spin liquid

• Canonically unsolved; variational methods lead to 
conflicting conclusions on spectral gap

• First nontrivial certified bound: 
Δn→∞(H) ≤ 2.18

• (Not competitive against variational 
estimates )∼ 0.1
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• Certified lower bounds on the bulk spectral gap? Can it be fully decidable or not? We 
conjecture not

• What else can be certified in the thermodynamic limit?

Achieved: GS and local observables, thermal states, gap, evolution…

In progress: structure factor, what else?
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Numerical on kagome

State restrictions d L=1 L=2 L=3 L=4

None 2 2.72 2.18 — —

π spin rotations 2 2.00 1.31 — —

Full symmetries 2 2.01 1.31 1.24 1.22

Full symmetries 3 2.01 1.28 1.15 —

d: polynomial degree. Patch: 5, 13, 27, 45 sites.

Full symmetries: π spin rotations, cyclic spin-component permutations, time reversal.
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Numerical on spin-1/2 transverse-field Ising 
model


