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Certifying ground-state properties of quantum many-body systems

1. Motivation
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Quantum many-body systems

 Ubiquitous in nature
. Hard: collective behavior of N ~ 10%° particles
* Described by Hamiltonians

e It’s a matrix of dim 2! Impossible to compute

H= ) XX +YY +Z77Z

<i,j>

H= ) XX +g) Z

<ij> i
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Paradigmatic problem: spectral gap

 Energy needed for the lowest excitation

“ » What is the gap A(H) := E; — £, in the
thermodynamic limit N — 00?

 Gapped: stable physics

H=Y XX +VY,+77  (Gapless: long-range correlation, unstable
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upper bounds on the spectral gap

Main result: first general algorithm
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Kagome Heisenberg model
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 Based on nc polynomial SDP hierarchies

* New tool: state polynomial optimization
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s

H= ) XX +YY +Z77Z

<i,j>

Main numerical approaches: variational methods,
neural states, density matrix renormalization group,

“Not rigorous”, dependent on Ansatz,
extrapolation, ...

Some H were believed gapless, then gapped, then
gapless again

Can we Iinstead have a numerical result that remain
true in 100 years with even quantum computers?
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Motivation: decidability

* Cubitt, Perez-Garcia, Wolf (Nature, 2015): Spectral
gap Is undecidable

* “No algorithm can decide if a ‘reasonable physical’
system H has A(H) < 1 in finite time”
“‘ o Our algorithm gives A; \ A(H), detect

A(H) < 1 in finite time

» Different notions of thermodynamic limit
H= ) XX +YY +Z77Z
<i,j> * “Open boundary condition” vs “bulk away from
boundary”
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+ N ~ 107 particles at vertices of lattice
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Finite size system

#,=CLH:= ) hj N~ 10"
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» Ground state p¢ has the smallest energy =
projector on the lowest eigenvalue of H

"+ Spectral gap Ay(H) = E{(N) — Ey(N)

* (Gigantic matrices, impossible to compute
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Justification of thermodynamic limit

» A macroscopic sample contains N ~ 1073 particles

 Want to understand which properties can persist as the sample size grows
For spectral gap:

* Does the excitation remain bounded away from zero

* Or do excitations with arbitrarily small energy appear as the system grows??

» Mathematically, what is Ay(H) as N = c0?

e How to take this limit?

12
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Thermodynamic limit with boundaries
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Thermodynamic limit with boundaries is a bad definition?
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Alternative definition of ground states in thermodynamic limit

* ¢ A ground state p¢ must increase energy with any
_excitations

IOGS 90 90 90 0 0 0 0 0 0 06 06 0 .-

I Tr(psg - a*[H,a]) > 0, for all local (finite) a €
) a=XZ,X,Z Y, ..

A kA

« Why? Let |y) := a|wgq)/|||w,)|| be the state excited by a

» Inequality implies E(|y,)) — E(ps¢) = 0
» Varying local a € &/, |y,) reaches all valid states
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Bulk definition of ground states in thermodynamic limit

0 =XZ,YZXX, ...
» Tr(pgg - a*[H,al]) 2 0, foralllocala € o

pTS Poee e e e e e e e e e e oo o Algebraic notation:
a)GS » state p — w linear functional, Tr(pa) — w(a)

o Kubo-Martin-Schwinger (KMS) ground state

* Wgs St wgs(a®[H,al]) > 0, foralllocala € &

e Directly iInn — o0, no boundary term mentioned!
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Bulk definition of spectral gaps in thermodynamic Iimit

L
”~
..........

 Assume non-degenerate ground state

-« @ is a GS with bulk spectral gap > v if

- w(a*[H,a]) 2y (a)(a*a) — \a)(a)\z) for all local a €

20



Bulk definition of spectral gaps in thermodynamic Iimit

N A A A A O A "« Assume non-degenerate ground state

-« @ is a GS with bulk spectral gap > v if

BRI BESSSS  w(a*[H,al) >y (w(a*a) — |w(a)|*) for all local a €

> 0 by Cauchy-Schwarz

20



Bulk definition of spectral gaps in thermodynamic Iimit

N A A A A O A "« Assume non-degenerate ground state

-« @ is a GS with bulk spectral gap > v if

SESEEEEEES  w(a*[H,al) >y (w(a*a) — |w(a)|*) for all local a €

> 0 by Cauchy-Schwarz

 Why? Any normalized excitation orthogonal to GS must
increase the energy by > y

20



Bulk definition of spectral gaps in thermodynamic Iimit

B 1111  Assume non-degenerate ground state
SENSNSNENEDE N o w is a GS with bulk spectral gap > y if
ceeiiieoo. w(a*[H,a]) 2y (w(a*a) — |w(a)|?) for all local a € o

> 0 by Cauchy-Schwarz

 Why? Any normalized excitation orthogonal to GS must
increase the energy by > y

 LHS = energy increase

20



Bulk definition of spectral gaps in thermodynamic Iimit

N A A A A O A "« Assume non-degenerate ground state

-« @ is a GS with bulk spectral gap > v if

SESEEEEEES  w(a*[H,al) >y (w(a*a) — |w(a)|*) for all local a €

> 0 by Cauchy-Schwarz

 Why? Any normalized excitation orthogonal to GS must
increase the energy by > y

 LHS = energy increase

 RHS = component of |y ) orthogonal to GS subspace
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)
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ldea: if candidate y is too

The SDP algorithm
large, some finite SDP

» @ is a (hon-degen) GS with bulk spectral gap > y if detect infeasibility
w(a™|H,al]) >y (a)(a*a) — \a)(a)\z) for all local a € f

o Qur algorithm find bounds y > A(H)
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The SDP algorithm
* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

>

® ® ® o— & e e o e o o o o
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if

w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

s

® 2 @

@ @ L L L L

® @ L L L L

. » Fix L, we test for all a; supported on L X L sub-lattice
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

s

» Fix L, we test for all a; supported on L X L sub-lattice

» Look for w satisfies the gap inequality for all these a;

S

~
a
[ ]

PmEmmag)
e ¢
V‘Q‘—‘
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

S . This is almost an SDP certification problem

 Fix I, we test for all a; supported on L X L sub-lattice

» Look for w satisfies the gap inequality for all these a;

o o o @ L @ L ]
@ I @ o

Y, N
@ ® O
W%
V‘ @ ® O
@; @ @ @ @ @ o

o o o o o o o
. A

~
’ a
. © @ O @
hd .
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

S . This is almost an SDP certification problem

 Fix I, we test for all a; supported on L X L sub-lattice

» Look for w satisfies the gap inequality for all these a;

o o o @ L @ L ]
@ I @ o

Y, N
@ ® O
W%
V‘ @ ® O
@; @ @ @ @ @ o

* Repeat for L — o0

o o o o o o o
. A

~
’ a
. © @ O @
hd .
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

S This is almost an SDP certification problem

 Fix I, we test for all a; supported on L X L sub-lattice

» Look for w satisfies the gap inequality for all these a;

~
L]
L]

® L L @ L @ ®
® @ L @ L @ |

® @ @ @ L @ @
[ S L W S A
. A

y I
@
—@ L @

e e e e e o o
o o O oo
e o O I o o
e o c—ﬁg—ka
® A & o o
o 06— 0 0 0 O

* Repeat for L — o0

-
- 8

If y too big and L large enough, no
@ satisfy the gap inequality
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The SDP algorithm
* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

>

® ® ® o— & e e o e o o o o
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

Ok ,
o> LI e e e w0 w(a™|H,al), w(a*a), linear terms, standard SDP

constraints

® ® ® o— & e e o e o o o o
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

s

.+ w(a*|H,al), w(a*a), linear terms, standard SDP

constraints

. |w(a)|? nonlinear term, problematic

~
L]
L]

e O o o o o ©
oo o o o o o

e O @O e o o o
_Eg
e ¢
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® L L L L @ ®

o o o o o o o
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@ @ @ @ @ @

.o

Can be dealt with by state polynomial
optimization — Klep, Magron, Volcic, Wang
22 (Mathematical Programming, 2024)



The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

s

.o w(a*|H,al), w(a*a), linear terms, standard SDP

constraints

. |w(a)|? nonlinear term, problematic

~
L]
L]

oo o o o o o
o ¢ o o o o ©

e O 0 0 0 0 0
@
@ — @ —@
[ S L W S A
. A
e @ @ o 0o °

e e e e e o o
o o O oo
e o O I o o
e o c—ﬁg—ka
® A & o o
o 06— 0 0 0 O

* Check feasibility with SDP!

Can be dealt with by state polynomial
optimization — Klep, Magron, Volcic, Wang
22 (Mathematical Programming, 2024)
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The SDP algorithm
* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)
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The SDP algorithm

* @ is a (hon-degen) GS with bulk spectral gap > y if

w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

s

® 2 @

@ @ L L L L

® @ L L L L

» Optimizing over y: increasingly tight certified upper
bounds A,
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The SDP algorithm
* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

monotonically

s
¢ o I : I »+ o o ¢+ « Optimizing over y: increasingly tight certified upper
::;.L.:::::: bounds A,
iy
&© e e 4 4 4 s 4 s oo o Proven:forL — co,wehave A; \\ A, (H)
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The SDP algorithm
* @ is a (hon-degen) GS with bulk spectral gap > y if
w(a™|H,al) >y (a)(a*a) — \a)(a)\z) for all local a € &

o Qur algorithm find bounds y > A(H)

monotonically

s
¢ o I : I »+ o o ¢+ « Optimizing over y: increasingly tight certified upper
::;.L.:::::: bounds A,
iy
&© e e 4 4 4 s 4 s oo o Proven:forL — co,wehave A; \\ A, (H)
@ L Q; ‘I I T @ O O L @

* Can also optimize observables subjected to gap
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Application on spin-1/2 kagome lattice Heisenberg antiferromagnet
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 Canonically unsolved; variational methods lead to
conflicting conclusions on spectral gap

0
I —@— ["all symmetries, d = 2"]
*— ["all symmetries, d = 3"]
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A S
o

-
I

L o

24



Application on spin-1/2 kagome lattice Heisenberg antiferromagnet

 Paradigmatic frustrated model for quantum spin liquid

 Canonically unsolved; variational methods lead to
conflicting conclusions on spectral gap

0
I —@— ["all symmetries, d = 2"]
*— ["all symmetries, d = 3"]
—V— ["pi-spin rotation symmetry, d = 2"]
i ©— ["no symmetry, d = 2"]

 First nontrivial certified bound:

(H) <2.18
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Application on spin-1/2 kagome lattice Heisenberg antiferromagnet

 Paradigmatic frustrated model for quantum spin liquid

 Canonically unsolved; variational methods lead to
conflicting conclusions on spectral gap

0
I —@— ["all symmetries, d = 2"]
*— ["all symmetries, d = 3"]
—V— ["pi-spin rotation symmetry, d = 2"]
i ©— ["no symmetry, d = 2"]

 First nontrivial certified bound:

(H) <2.18

N
o

N
~

N
N
|
O

N
o
|

=
o
|

Ao

upper bounds on the spectral gap

-
I

* (Not competitive against variational
' . estimates ~ 0.1)
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=
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thermodynamic limit
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bounds?
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Numerical on kagome

State restrictions d L=1
None 2 2.12
T spin rotations 2 2.00
Full symmetries 2 2.01
Full symmetries 3 2.01

d: polynomial degree. Patch: 5, 13, 27, 45 sites.

Full symmetries: 1t spin rotations, cyclic spin-component permutations, time reversal.
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Numerical on spin-1/2 transverse-field Ising
model

D
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