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Device-independent non-locality 101

CHSH:a @ b=x-y



QIT allows for the sequential scenarios

» Standard NPA only
applies to the left

2 L | V

Alice Bob Charlie
la lb lc : for the sequential
lb Oerationally- scenario

l . non-signaling

* Goal of the talk: a NPA
Moment-SOS hierarchy

* Application: open
I questions in guantum
cryptography and QIT

Charlie



Commuting quantum strategies C

le L 15
Alice Bob Charlie

. State 0 and PVMs {A .}, { By, }, { C, ;) la 1s e

. Strategy: p(abc | xyz) = Tr(o - A, By, C,p,) € Cpe

alx |z

» @, = Commuting quantum score = max winning probability with C_.

« Lower bound of W, just try all quantum strategies!

« Upper bound: outer approximation of ch with NPA hierarchy [NPAQS8]
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A hierarchy of pseudo-qguantum strategies

» Will sketch, have sets of pseudo-quantum strategies I ", n > 2, such that
peC,=limIMc..cr*cr’crr

n— o0 Score
4 3 )
Wy WNPA WNpA WNPA

- Characterizing C . from the outside

« Computable sequence of upper bounds a)lipA > a)li’IPA > a)f\‘IPA > eee N\ W,
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. Suppose we do state/PVMs s.t. have p(abc | xyz)

calculate expectation values: Tr(cA

. Put them into a moment matrix I'%, indexed by 1,A

1 Al
1 1 TI‘(O'A

(Aapx)]
(Bb y)T
(Cel2)'

° RUIG: FBblyﬁBbly — TI’(

alx)

Tr (O‘A 5

alxo Aa\x
By, Ceiz
Tr(aBb|y) Tr(aCC|Z)
x) TI(UA3|XBb|y) Trg(TA chz
Tr(aBb|y) Tr(oByp, Ccl2
TI'(O'CC|Z)

), Tr(cA™

alx/»

alx C‘Z)

A

)

NPA hierarchy: moment matrix "2

a/‘x/, o« oo

= Tr(aAa‘bi‘y C.,), easy to

(up to length 2).

oB? By,) = 1r(oBy,,) = Tr(cld™ - By,,) = Fl,Bb|y

bly
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NPA hierarchy: moment matrix "2

 Zoom out to length 2

FAalebly’Cclz — TI‘(G(Aaleb‘y)*CC‘Z) — Tr(UAa‘bi‘yCC‘Z) — p(abc ‘xyz)
1 Ax By, Cez Aa|xAd |x/
; -

(Azx)T
(Buyy)’ Tr (0 Byjy )
(Cep2)T

(AajxAyr )] Tr (0 AaxAaix Celz)

(AajxBbyy)' p(abc|xyz)

e s positive semidefinite, symmetric, satisfies many linear constraints...

. pel? pseudo-quantum strategy if such a matrix exists
P
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NPA hierarchy: moment matrix | > and more

 Longer indices, such as A Bb‘yCC‘Z, of length 3, to get a bigger matrix |

alx

a|x Bb|y Cc|z

1 1

(Aapx)!
(Bp|y)! Tr(aBbly)

(Cep2)!
(Aa|an’|x’)]L Tr(UAa’|x’Aa|ch|z)

(Aa|bi|y)Jr p(abC|Xyz)

(Aa|bi|yCc|z)Jr ’I‘I‘(O-Aa|bi|yCc|z)

« Containing [Zasa submatrix, i.e., F3—pseudo strategy Is also In [

 Repeat to get Fz, F3, .. A hierarchy of moment matrices for pseudo-quantum strategies
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A hierarchy of pseudo-qguantum strategies

Score

» Finding I and optimization can be done with semidefinite programs (SDPs)

« Computable sequence of upper bounds a)l%PA > a)liPA > a)f\‘IPA > eee N\ W,
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Sequential quantum scenarios C

seq
0]
iﬂ?

Salx Alice
8.0

Sy, | Bob « plabc|xyz) = Tr(Sy), 0 S,(0) - f) € Cyeq
1. Sbly °Sax(0)

A
lc
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Sequential quantum scenarios C
Heisenberg picture

» plabc|xyz) = Tr(o - T, o Ty (fe1) € Cyeq

Operatlonally non-signaling: Z alx — = 1d, Z Tb\y
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seq:
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lx
Ta| .= S;zklx Alice
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37
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Sequential NPA hierarchy P

Talx Alice

« Suppose 3 p(abc|xyz) = Te(T),, o T) (f.1,) - 0) sit. y
T\, T}, operationally-non-signaling, f.|. PVYMs Ty b

b

* Expectations values and arrange them into moment matrices
[ satisfying many constraints Jelz  Chartie

le

1 p(abc|ryz) Tr(a ' Talw(Tbly(fCIZ) 'Tb’ly’(fc’lz’)))

TI'(O' ' Tal:c O Tb|y(fc|z ' fc’|z’))

Tr (0 - Tojz © Tojy (feiz) - Tarer © Tor iy (fer)27))
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Sequential NPA hierarchy of pseudo
sequential quantum strategies

Score

. Finding [ and optimization can be done with SDPs

2 3 4
« Computable sequence of upper bounds WgeqNPA > WgeaNPA > WeNPA DARITERN WDyeq
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Sequential NPA hierarchy to C

Score

. Multipartite S-G-HJW theorem [BLJS25]: CSeq = ch with operationally-non-signaling

2 3 4
« SDP-computable sequence of upper bounds W qNPA > W qNPA > W qNPA > eee N\ W,
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Conclusion

Generalized NPA moment-SOS hierarchy that can describe sequentiality and
quantum instruments/completely positive maps

When convergent, recover completely positive maps satisfying map-level constraints
More sparse while the constraints are more complicated
Flexible, and could be useful to other problems?

An application: quantitive quantum soundness to compiled games
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1

Sequential NPA hierarchy

p(abc|zyz) TI‘(O' oo (Tbly(fCIZ) ' Tb’ly’(fc’IZ’)))

TI‘(O' ' Tala: O Tb|’y(f0|z ' fC,|zl))

Tr(0 - Taje © Tojy(felz) - Tarjar © Ty (ferj2r))

n N (n)
w3seqNPA(g) = Inax z ,Babca:yz FI-afabc|:1:yz

aib)c)m’yiz

s.t. '™ =0, Pﬁl =1, (PSD and normalization)

i = I‘f}"g, whenever w*w’ = v*v', (Hankel condition)

w,w

L (w* Z(Tam(T*S) — Ta|x,(r*s))v) =0

a

/
Va,z', VwveWy g -,

rsEWER -,

deg w+deg v+deg r+deg s<2n

(Alice operationally-non-signaling) f

LQ”'(Ta,|m (r* 3 (Tojy (t*u) — Tb|y,(t*u))s)) — 0

b

Va,z,yy,
r,seEWgo,
tueWe,

deg r+deg s+deg t+deg u<2n
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(Bob operationally-non-signaling).
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Application to compiled
nonlocal games



Removing space-like separation using
cryptography

la: ly |Enc(z) | Enc(y)

t | Single

s E la

over Single prover
b |Enc(a) | Enc(d)

» (Goal: performing Bell test on a single untrusted device?

* |dea: Encryption acts as a barrier
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KLVY compiler: encryption & sequentiality

lEnc(a:)
Alice
lw ly lEnc(a) t
Alice Bob ly
la lb Bob
b

Works for all k players games!

19



Properties of KLVY compiler

Are compiled games trustworthy?

Completeness: honest strategies reaches the ideal score
Soundness: cheating strategies cannot exceed physical limits

Classical soundness for all games w2
2. Quantum completeness for all games uvzg

3. Quantum soundness was opened, only partially understood
for bipartite cases

4. With [KPRSTXZ25, BKLRSTX25]: Quantitative upper bounds
of compiled scores for all multipartite games

20

Nonlocal Compiled

[KLVY22] arXiv: 2203.15877



Security parameter /A o

lx ly KEnc( )
Al Bob 37
l lb Bob
I

 Models both computational power and encryption strength
» A A-efficient prover can run circuits with poly(4) quantum gates

 A-secure encryption safe against all A-efficient provers’ attacks
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Efficient prover and the sequential hierarchy

« Quantum strategy of a A-efficient prover is a sequential strategy that is “almost”
operationally-non-signaling

» For every A and n, it gives moment matrix I}

 Theorem: it is almost a solution of the sequential hierarchy

n
a)seqNPA

Vanishes faster than any 1/poly(4),

Compiled sCOre e.d., exponential decay

S

§~/r§
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Main results: [BKLRSTX25]

« Theorem: A-efficient strategy <

 The larger the n the tighter the bound

n
a)seqNPA

negl (1)
n
a)SCqNPA /
n+1
wseqNPA -
ey
A — o0

Infinitely secured 23



Main results: [BKLRSTX25]

e |f game admits a flat optimal solution, then finite NPA convergence, thus remove
n-dependence

« At finite A, compiled score of an efficient prover can only beat the nonlocal
quantum score by a negligible amount

a)qc —-————----If-_-’-: --------------------------------

A= o0 A =0

Infinitely secured No encryption
24



Conclusion

Generalized NPA moment-SOS hierarchy that can describe sequentiality and
quantum instruments/completely positive maps

Flexible in the constraints, and could be useful to other problems?

Application: quantitative quantum soundness for compiled nonlocal game

—> making compiled nonlocal game a practical venue to test Bell nonlocality with a
single untrusted quantum computer
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BKLRSTX25]

lx

Alice
Non-local game i]

Lo L 15 .
Alice Bob Charlie l
b
bk : : L

wseqNPA P a)seqNPA 2 et 2 a)qc
Charlie
lc
KLVY compiler
For all games, compiles score < a)S”eqNP A +negl (1)
lEnc(:I:)
Alice

Enc(@ Sequential game e

lEnC(y) la

Bob ﬁ b

[ Enc(®) Bobl

l b

. L2

Charlie
Charlie
! e
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Asymptotic to quantitative: [KPRSTXZ25,

New NPA-like hierarchy

for the quantum
iInstruments

Solution of the
sequential NPA

hierarchy at every n

Operationally-non-signaling

Novel geometric
argument:

negl (4)-close

Almost non-signaling
condition from
security against
efficient provers

Almost-solution of the
sequential NPA

hierarchy at every n



Outline for multipartite asymptotic
soundness [BLJS295]

Non-local game

Bob + Operationally-non-
h 1o signaling

New operator algebraic theorem

Operator algebraic:

Sequential scenarios

with quantum A — 00
|Enc(a) iInstruments
Al l:z:
|Ene@ Sequential game Alie
| Enc) !

+ A-security against A-efficient

Y
ﬁ ! provers
Bob

IE A mapping to Ib o -
Charl unravel compiled [ + Almost non-signaling
gameS Charlie COﬂdItlon
le
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l L l
l 1L l

Non-local game

h

Sequential scenarios

formulated with
quantum instruments

Sequential game

NPA hierarchy for

sequential
scenarios!
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Asymptotic to quantitative: [KPRSTXZ25,
BKLRSTX25]

+ Operationally-non-
signaling

+ Almost non-signaling
condition from security
against efficient provers



